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COUNTING POINTS ON Hilbm P2 OVER FUNCTION FIELDS
ADELINA MAˆNZA˘T¸EANU
Abstract. Let K be a global field of positive characteristic. We give
an asymptotic formula for the number of K-points of bounded height on
the Hilbert scheme Hilb2 P2 and show that by eliminating an exceptional
thin set, the constant in front of the main term agrees with the prediction
of Peyre in the function field setting. Moreover, we extend the analogy
between the integers and 0-cycles on a variety V over a finite field to 0-
cycles on a variety V over K and establish a version of the prime number
theorem in the case when V = P2.
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1. Introduction
Let X be a smooth projective variety defined over a global field K such that
the set X(K) of rational points is Zariski dense and let L be an ample line
bundle on X . One can define a height function HL on X(K) taking values in
R>0 in order to study the asymptotic behaviour of the number of K-points of
bounded height on X .
Manin and his collaborators (see [2], [15]) predict that when X is a Fano
variety and K is a number field, there exists an open subset U of X such that
#
{
x ∈ U(K) : Hω−1X (x) 6 B
}
∼ CH
ω−1
X
B (logB)t−1 ,
as B →∞, whereHω−1X is the height associated to the anticanonical line bundle
ω−1X and t is the rank of the Picard group of X . Moreover, Peyre [22] gave
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a conjectural interpretation of the constant CH
ω−1
X
. The first counterexample
was provided by Batyrev and Tschinkel [3]. This led to a refined version of
Manin’s conjecture in which one is allowed to remove a finite number of thin
sets as defined by Serre [28, §3.1]. Results that support the need for the thin
set version of this conjecture have been proven by Le Rudulier [21, Theorem
4.2] and Browning–Heath-Brown [8, Theorem 1.1].
In the case when K is a global field of positive characteristic, Peyre [23,
Theorem 3.5.1] proposed an analogue of [22]. It is natural to extend the thin
set version of Manin’s conjecture to this case. The goal of this paper is to
provide an example that supports this conjecture in the case of function fields
of positive characteristic. Consider Hilb2 P2 over a function field K of degree
e over Fq(t) such that char(K) > 2.
Theorem 1.1. There exists a non-empty thin set Z0 ⊂ Hilb2 P2(K) such that
#
{
z ∈ Hilb2 P2(K) \ Z0 : Hω−1X (z) = q
M
}
= cqMM +O
(√
MqM
)
,
as M →∞, where the leading constant agrees with the prediction of Peyre.
We shall present the geometry of the Hilbert scheme in Section 2, together
with a more refined version of Theorem 1.1. This can be seen as a function
field analogue of [21, Theorem 4.2]. However, the result of Le Rudulier is only
valid over Q, whereas Theorem 1.1 holds over any finite extension of Fq(t). Le
Rudulier’s strategy is to use the geometry of Hilb2 P2 to reduce the problem
to counting points in P2 that are quadratic over Q. Then, one appeals to work
of Schmidt [26, Theorem 3]. Suppose K is a number field of degree e over Q,
d is a positive integer, and define the quantity
NK(n+ 1, d, B) = #
{
P ∈ Pn(Q) : H ′(x) 6 B, [K(P ) : K] 6 d} ,
where H ′(x) =
∏
v∈ΩK
max06i6n |xi|v. Schanuel [25] proved that
NK(n+ 1, 1, B) = SK(n+ 1, 1)B
(n+1)e +OK,n
(
B(n+1)e−1
)
, (1.1)
with an additional logB term in the error when K = Q and n = 1. The
leading constant is called the Schanuel constant
SK(n+ 1, 1) =
(
2r(2pi)s
|∆|1/2
)n+1
(n+ 1)r+s−1hR
wζK(n+ 1)
, (1.2)
where r is the number of real embeddings of K, s the number of pairs of
distinct complex conjugate embeddings of K, ∆ the discriminant of K, h is
the class number of K, R the regulator of K, w the number of roots of unity
in K, and ζK the Dedekind zeta-function of K. Schmidt [26] generalised this
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result for quadratic number fields. More precisely, the result we are interested
in states that
NQ(3, 2, B) =
24 + 2pi2
ζ(3)2
B6 logB +O
(
B6
√
logB
)
, (1.3)
where the leading constant is a sum of Schanuel constants over extensions of
degree d = 2 over K = Q.
The method of proof for Theorem 1.1 is similar, and begins with a function
field analogue of (1.3). Given a function field K, let e = [K : Fq(t)], and define
the quantity
NK(n+ 1, d,M) = #
{
P ∈ Pn(Fq(t)) : Hn(P ) = qMed , [K(P ) : K] = d
}
,
where Hn denotes the usual absolute height on projective space P
n with respect
to the ground field Fq(t). More precisely, given a point x ∈ Pn(Fq(t)) of degree
d over K with homogeneous coordinates [x0 : . . . : xn] we have
Hn(x) =

 ∏
v∈ΩK(x)
max
06i6n
|xi|v


1
de
, (1.4)
where K(x) is the field obtained by adjoining all quotients xi/xj and ΩK(x) is
the set of places of K(x). For details on why this is the right choice of height
for such a point see [30] and [1, §15.1]. The analogue of (1.1) was initially
stated by Serre [27, Section 2.5] who gave a formula for the constant
SK(n+ 1, 1) =
(
1
qgK−1
)n+1
JK
(q − 1)ζK(n + 1) , (1.5)
where gK is the genus of K, JK is the number of divisor classes of degree 0
which is the cardinality of the Jacobian of K and ζK is the zeta function of
K. Later Wan [31] and DiPippo [10] independently gave a proof of this result.
Further work has been done by Thunder and Widmer [30] who obtain results
for d > 1 and a more precise error term in the case d = 1. In particular, they
prove that for M > 2gK − 1 and 1/4 > ε > 0, we have
NK(3, 1,M) = SK(3, 1)q
3M +O
(
q(M+gK)(1+ε)
)
, (1.6)
and if M < 2gK − 1, then for all ε > 0, we have
NK(3, 1,M)≪ qM(2+ε), (1.7)
where the implicit constants depend only on n, e, q and ε. In the case when
d = 2, Kettlestrings and Thunder [19] improved the result of Thunder and
Widmer [30] and showed that
NK(3, 2,M) = 2 (SK(3, 1))
2 q3MM +O
(
q3M
√
M
)
(1.8)
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where the implicit constant depends only on K.
The final section is concerned with an application of Theorem 1.1. The
analogy between integers and polynomials in one variable with coefficients in
a finite field Fq can be extended to an analogy between positive integers and
effective 0-cycles on a variety V over Fq, i.e. formal sums C =
∑k
i=1 niPi,
where ni ∈ N and Pi are distinct closed points on V . In particular, primes
correspond to closed points. In view of this idea, Chen [9] establishes several
results for 0-cycles that can be seen as equivalent to classical theorems in ana-
lytic number theory. For example, the classical prime number theorem states
that the probability that an integer between em and 2em chosen uniformly at
random to be prime is ∼ 1/m as n → ∞. The analogue for 0-cycles is given
by [9, Theorem 1] and it says that for a geometrically connected variety V
over Fq of dimension d > 1, we have
# {closed points on V of degree m}
# {effective 0-cycles on V of degree m} →
1
mZ˚(V, q−d)
+O
(
1
mqm/2
)
, (1.9)
as m→ ∞, where Z˚(V, t) := Z(V, t)(1 − qdt) and Z(V, t) is the zeta function
of V over Fq.
Since an effective 0-cycle of degree m on V can be thought of as a point
in Symm V (Fq), we are inspired to consider a similar problem for K-points of
Symm P2, where K is a finite extension of Fq(t), and thus, obtain a version of
the prime number theorem for 0-cycles on P2 over function fields. The prime
0-cycles of degree m on P2 are precisely the K-points of degree m of P2. As
described in Section 2, if x ∈ P2(K) is of degree m > 1, then it has m distinct
Galois conjugates x1, . . . , xm and x˜ = pi(x1, . . . , xm) is a K-point of Sym
m P2.
Thus, primes correspond to the irreducible K-points of Symm P2. We also
notice that in this case, one needs to consider points of bounded height since
the set of points Symm P2(K) is infinite. We obtain the following result.
Corollary 1.2. Let m > 2 and K be a global function field of characteris-
tic > m. Suppose that Manin’s conjecture holds for the irreducible points in
Hilbm0 P2(K) for all m0 6 m. Then, there exists a constant cm > 0 such that
# {prime effective 0-cycles on P2 over K of degree m}
# {effective 0-cycles on P2 over K of degree m} →
cm
Mm−2
,
M →∞.
In general, cm is quite complicated, but an explicit expression is given in
Section 5. When m = 2, however, c2 =
2
3
and the result is actually uncondi-
tional.
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2. Geometry of the Hilbert scheme
Let K be a global field. Given a smooth projective variety V over K, we
define the mth-symmetric product of V to be the projective quotient variety
Symm V = V m/Sm,
where the symmetric groupSm acts on V
m by permutating the factors. Denote
by
pi : V m → Symm V
the canonical projection. Let x ∈ V (K) be a point of degree m > 1, that
is a point such that the degree of the residue field κ(x) over K is equal to
m. The orbit of x under the action of Gal(K/K) contains exactly m distinct
points x1, . . . , xm which are the conjugates of x. Then, as in [21], let x˜ =
pi(x1, . . . , xm) ∈ Symm V (K). Since x˜ is invariant under Gal(K/K), it is
rational over K. Le Rudulier [21, Definition 1.32] defines points in Symm V (K)
of the shape x˜ to be irreducible and the rest to be reducible. Furthermore,
according to [4, §6], if
∆ =
⋃
16i<j6m
{(v1, . . . , vm) ∈ V m | vi = vj}
is the diagonal in V m, then Symm V is singular along D = pi(∆).
Suppose from now on that V is a surface. In this case, by [4, §6], there is
a resolution of singularities of Symm V given by the Hilbert-Chow birational
morphism
ε : Hilbm V → Symm V
and E = ε−1(D) is an irreducible divisor of Hilbm V . Moreover, Fogarty [12,
Theorem 2.4] proves that Hilbm V is a smooth, irreducible projective variety
of dimension 2m and ε induces an isomorphism
Hilbm V −E ∼= Symm V −D. (2.1)
The Picard group of Hilbm V is also computed by Fogarty [13, Theorem 6.2]
(see [14] for characteristic 2) who proved that it has rank 2 and that
Pic
(
Hilbm P2
)
= ZH ⊕ ZE
2
, (2.2)
where H is the locus of schemes intersecting a fixed line and E is exceptional
divisor introduced above and corresponds to the locus of non-reduced schemes.
This result allowed Huizenga [17, Theorem 1.4] to compute the cone of effective
divisors for Hilbm P2. This is spanned by
µH − E
2
and E, (2.3)
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where µ is a certain minimum slope that will not be defined here. However,
for 2 6 m 6 171, the values of µ can be found in [17, Table 1], and by [17,
Remark 7.4], and if m is of the form
(
r+2
2
)
, then µ = r. We remark that in
this notation, the anticanonical divisor of Hilbm P2 is ω−1Hilbm P2 = 3H .
Moreover, due to results of Beauville [4] in characteristic 0 and Kumar–
Thomsen [20, Corollary 1] if char(K) > m, ε is crepant. Thus, as noted in
[21, Proposition 3.3 and §3.2], the anticanonical line bundle on Hilbm V given
by ω−1Hilbm V = ε
∗ω−1Symm V is big since it is the pull-back of an ample divisor by
a birational morphism. The anticanonical height on Symm V induces a height
on Hilbm V given by Hω−1
Hilbm V
= Hω−1
Symm V
◦ε. Now, as in [21, §1], given a point
v = pi(v1, . . . , vm) ∈ Symm V (K), we define a height
Hω−1
Symm V
(v) = Hω−1V
(v1) . . .Hω−1V
(vm).
For the remainder of this section, let K be a function field of degree e over
Fq(t) and Hn be the usual absolute height on projective space P
n with respect
to the ground field Fq(t) as in (1.4). Regarding P
n over the ground field K, we
have that for x ∈ Pn(K), the absolute height on projective space associated
to the anticanonical line bundle is
Hω−1
Pn
(x) = Hn(x)
(n+1)e.
We are mainly interested in the case when m = 2, V = P2 is defined over
K and char(K) > 2. In order to study K-points on Hilb2 P2 it is convenient
to use the height function
H(z) = Hω−1
Hilb2 P2
(z)1/3. (2.4)
Theorem 2.1. Let K be a function field of degree e over Fq(t) of characteristic
> 2. Let Z0 = ε
−1pi(P2 × P2(K)). Suppose M > 2(2gK − 1). Then, for all
non-empty open subsets U of Hilb2 P2 we have
#
{
z ∈ (Z0 \ E(K)) ∩ U(K) : H(z) = qM
}
=
SK(3, 1)
2
2
q3MM +O
(
q3M
)
,
where SK(3, 1) is given by (1.5), and
#
{
z ∈ Hilb2 P2(K) \ Z0 : H(z) = qM
}
= SK(3, 1)
2q3MM +O
(√
Mq3M
)
,
as M →∞. In particular, in the second part, the leading constant agrees with
the prediction of Peyre and the implicit constant in the error term depends
only on K.
Thus, after removing the thin set Z0, Manin’s conjecture holds for Hilb
2 P2.
The proof can be found in Section 4. The first part relies on (1.6) and (1.7),
which is where the condition thatM > 2(2gK−1) comes from, and the second
part uses (1.8). Theorem 1.1 follows from taking (2.4) in Theorem 2.1
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This can be seen as a more general function field analogue of Le Rudulier’s
result [21, Theorem 4.2] which states that there exists a thin set Z0 ⊂ Hilb2 P2(Q)
such that for all non-empty open subsets U of Hilb2 P2 we have
#
{
z ∈ (Z0 \ E(Q)) ∩ U(Q) : Hω−1
Hilb2 P2
,Q(z) 6 B
}
∼ 8
ζ(3)2
B logB,
and
#
{
z ∈ Hilb2 P2(Q) \ Z0 : Hω−1
Hilb2 P2
,Q(z) 6 B
}
∼ 24 + 2pi
2
3ζ(3)2
B logB,
as B →∞.
3. Manin’s conjecture and the Peyre constant
Given a Fano variety V defined over a function field K, let
NV (M) := #
{
P ∈ V (K) : H(P ) = qM} ,
where H denotes the anticanonical height Hω−1V . Define the anticanonical
height zeta function of V to be
ZH(s) =
∑
y∈V (K)
1
H(y)s .
Then, by an application of the Wiener–Ikehara theorem [24, Theorem 17.4]
we obtain what is know as Manin’s conjecture, that is
NV (M) ∼ cH(V ) (log q)
rV
(rV − 1)!q
MM rV −1, (3.1)
as M →∞, where
cH(V ) = lim
s→1
(s− 1)rV ZH(s). (3.2)
and the rank rV of the Picard group of V is equal to the the multiplicity of
the pole of ZH(s) of V at s = 1. The leading constant above has been given
a geometric interpretation by Peyre which can be found in [22, 5, 6, 23]. Let
S a finite subset of the set of places ΩK of K containing all ramified places
and infinite places. Then, the Peyre constant with respect to the anticanonical
height H = Hω−1V is given by
cH(V ) = α
∗(V )β(V )τH(V ). (3.3)
The first two factors are geometric invariants and are independent of the
height. We have
α∗(V ) =
∫
C∨eff(V )
e−〈ω
−1
V ,y〉 dy, (3.4)
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where Ceff is the effective cone of V ,
C∨eff(V ) = {y ∈ Pic(V )∨R | 〈x, y〉 > 0 for all x ∈ Ceff(V )} , (3.5)
and dy is the normalised Lebesgue measure on Pic(V )∨. The second invariant
is
β(V ) = #H1(K,Pic(V s)), (3.6)
where V s is the separable closure of V . The third factor is given by
τH(V ) = ωH(V (K)) = CK,V lS(V )
∏
v∈S
ωV,v
∏
v 6∈S
λ−1v ωV,v, (3.7)
where λv = Lv(1,Pic(V
s)) and
CK,V =
{
∆
− dim(V )/2
K , if K is a number field,
q(1−gK) dim(V ), if K is a function field,
and
lS(V ) = lim
s→1
(s− 1)rk(Pic(V s))
∏
v 6∈S
Lv(s,Pic(V
s)).
From now on, let K be a function field of degree e over Fq(t). Given a place
v ∈ ΩK , let κv be the residue field with respect to v. If v 6∈ S and V is a
smooth projective model of V , then
ωV,v =
#V(κv)
(#kv)dim(V )
.
Example 3.1. As in [21, Exemple 1.31], in the case when V = Pn is defined
over K, we have Pic(Pn) ∼= Z and ω−1Pn = OPn(n + 1). Thus, the first two
factors are
α∗(V ) =
1
n+ 1
and β(V ) = 1.
Moreover, we can take S = ∅. We have #κv = qv and∏
v 6∈S
Lv(s,Pic(V
s)) =
∏
v∈ΩK
1
1− q−sv
= ζK(s).
Hence, we obtain that lS(P
n) is equal to
lim
s→1
(s−1)LK(q−s)ζFq(t)(s) = LK(q−1) lim
s→1
(s−1)ζFq(t)(s) =
JKq
1−gK
(q − 1) log q , (3.8)
where LK is called the L-polynomial of K/Fq and its value at q
−1 follows from
[29, Theorem 5.1.15], gK is the genus of K and JK is the number of divisor
classes of degree 0 (cardinality of the Jacobian) of K. Moreover,
ωPn,v =
(qn+1v − 1)/(qv − 1)
qnv
=
1− q1−nv
1− q−1v
,
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and the convergence factors are given by λ−1v = Lv(1,Pic(V
s))−1 = 1 − q−1v .
Then ∏
v∈ΩK
λ−1v ωv(V (Kv)) =
∏
v∈ΩK
(
1− q−1−nv
)
= ζK(n + 1)
−1.
Putting all this together, we obtain
cH (P
n) =
SK(n+ 1, 1)
log qn+1
,
where SK(n+1, 1) is the function field version of Schanuel’s constant in (1.2).
Lemma 3.2. Let m ∈ Z>2 and K be a degree e > 1 extension of Fq(t) such
that char(K) > m. Then, Peyre’s constant for Hilbm P2 defined over K is
given by
cH(Hilb
m P2) =
µJ2K
9(q − 1)2q2(m+1)(gK−1)(log q)2
∏
v∈ΩK
(
1− q−1v
)2 |Hilbm P2(Fqv)|
q2m
,
where gK is the genus of K, JK is the number of divisor classes of degree 0
which is the cardinality of the Jacobian of K, ζK is the zeta function of K and
µ is as in (2.3).
Proof. By (2.2), (2.3), (3.5), and since the anticanonical divisor is ω−1Hilbm P2 =
3H , we have that
C∨eff(Hilb
m P2) =
{
aH +
b
µ
E,
(
a,
b
µ
)
∈ R2 : a− b
µ
> 0,
b
µ
> 0
}
,
Then, by (3.4), and since µ ∈ R>0, we obtain
α∗(Hilbm P2) =
∫
C∨eff(Hilb
m P2)
e−〈3H,y〉 dy =
∫ ∞
0
db
∫ ∞
b
µ
e−3a da =
µ
32
.
By (3.6), we have β(Hilbm P2) = 1. Since rkPic Hilbm P2 = 2 and dimHilbm P2 =
2m, and by (3.7), then
τH(Hilb
m P2) = q2m(1−gK ) lim
s→1
(s− 1)2ζK(s)2
∏
v∈ΩK
(
1− q−1v
)2
ωv(Hilb
m P2),
where
ωv(Hilb
m P2) =
|Hilbm P2(Fqv)|
qv2m
.
As in (3.8) in Example 3.1, we have that
lim
s→1
(s− 1)2ζK(s)2 =
(
lim
s→1
LK(q
−s)ζFq(t)(s)
)2
=
(
JKq
1−gK
(q − 1) log q
)2
.
Thus, to compute τH(Hilb
m P2) it is enough to know |Hilbm P2(Fq)|. A formula
for this, involving Betti numbers, has been first given by Ellingsrud–Strømme
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[11, Theorem 1.1]. However, it can be computed using a more general result
of Go¨ttsche [16, Lemma 2.3.9] which implies that
∞∑
m=0
∣∣Hilbm P2(Fq)∣∣ tm = exp
(
∞∑
k=1
tk
k
∣∣P2(Fqk)∣∣
1− qktk
)
.
By [11, Corollary 1.3], we have that form > 2, |Hilbm P2(Fq)| = q2m+2q2m−1+
O (q2m−2). It follows that ωv(Hilb
m P2) = 1 + 2q−1v + O (q
−2
v ), which is what
we expect by Manin’s conjecture; hence, the product
∏
v λ
−1
v ωv, where λ
−1
v =
(1− q−1v )2, converges. We remark that, by the isomorphism (2.1), we have∣∣Hilbm P2(Fq)∣∣ = ∣∣Symm P2(Fq)∣∣− |D(Fq)|+ |E(Fq)| .
Hence, we could also compute |Hilbm P2(Fq)| by using Lemma 5.2, if we un-
derstood the geometry of the exceptional divisor E, which has been studied
independently by Iarrobino [18] and Brianc¸on [7]. One can find an explicit
description for the cases when 1 6 m 6 6 in [7, §IV.2]. However, for m > 2,
we could not find a nice interpretation for
∏
v∈ΩK
(1− q−1v )2 ωv(Hilbm P2). 
Corollary 3.3. Let K be a degree e > 1 extension of Fq(t) such that char(K) >
2. Then Peyre’s constant for Hilb2 P2 defined over K is given by
cH(Hilb
2 P2) =
SK(3, 1)
2
9 (log q)2
,
where SK(3, 1) is given by (1.5).
Proof. This follows by taking m = 2 in Lemma 3.2. By [17, Table 1], we have
that µ = 1. Moreover, by [11, Table 1], we obtain that
ωv(Hilb
2 P2) =
#Hilb2 P2(Fqv)
q4v
= 1 + 2q−1v + 3q
−2
v + 2q
−3
v + q
−4
v ,
for all v ∈ ΩK . Thus, taking λ−1v = (1−q−1v )2, we obtain
∏
v λ
−1
v ωv = ζK(3)
−2.
Hence,
cH(Hilb
2 P2) =
J2K
9(q − 1)2q6(gK−1)(log q)2ζK(3)2 ,
and the result follows by (1.5). 
Similar to the case of number fields, Manin’s conjecture and Peyre’s predic-
tion are compatible with products of varieties over function fields. This will
be needed in the proofs of the results in Section 5.
Theorem 3.4. Let V , W be two Fano varieties defined over a function field
K such that V ×W (K) 6= ∅ and rV > rW . Assume that (3.1) and (3.2) hold
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for V and W . Then, we have that NV×W (M) is
∼ cH
ω−1
V×W
(V ×W ) (log q)
rV×W
(rV×W − 1)!q
MM rV×W−1,
as M →∞, where
cH
ω−1
V×W
(V ×W ) = lim
s→1
(s− 1)rV×WZH
ω−1
V×W
(s)
agrees with the constant predicted by Peyre and the rank rV×W of the Picard
group of V ×W is equal to the the multiplicity of the pole of the anticanonical
height zeta function ZH
ω
−1
V×W
(s) at s = 1.
Proof. As in the proof of [22, Lemma 3.0.2], we have an isomorphism
PicV × PicW → Pic(V ×W ). (3.9)
Thus, rV×W = rV + rW and the metric on the anticanonical divisor ω
−1
V×W
is the product of the metrics on ω−1V and ω
−1
W . Hence, the height of a point
(x, y) ∈ V ×W (K) is given by Hω−1V×W (x, y) = Hω−1V (x)Hω−1W (y). This implies
that we can write NV×W (M) as
M∑
i=0
#
{
x ∈ V (K) : Hω−1V (x) = q
i
}
#
{
y ∈ W (K) : Hω−1W (y) = q
M−i
}
(3.10)
∼
cH
ω−1
V
(V )cH
ω−1
W
(W )
(rV − 1)!(rW − 1)! (log q)
rV +rW qM
M∑
i=0
irV −1(M − i)rW−1,
asM →∞. Replacing the sum over i by an integral, we obtain that the above
is
∼
cH
ω−1
V
(V )cH
ω−1
W
(W )
(rV + rW − 1)! (log q)
rV +rW qMM rV +rW−1.
Noting that ZH
ω−1
V×W
(s) = ZH
ω−1
V
(s)ZH
ω−1
W
(s) together with the fact that V and
W satisfy (3.2), we get the expected main term in the asymptotic formula for
NV×W (M) as M →∞.
It is left to show that the obtained constant agrees with the definition given
in Section 3. By [22, Lemma 3.0.2], we have α∗(V )α∗(W ) = α∗(V × W )
and β(V )β(W ) = β(V ×W ). This also holds in the case of function fields
because α∗ and β are geometric invariants. Now let S be a finite subset of
the set of places ΩK of K containing all ramified places and the infinite place.
By (3.9), we have that Lv(1,PicV
s)Lv(1,PicW
s) = Lv(1,Pic(V ×W )s) for
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all v ∈ ΩK . We also note that since V and W are projective, we have that
dim(V ×W ) = dim(V ) + dim(W ). Thus, τH
ω−1
V
(V )τH
ω−1
W
(W ) is equal to
q(1−gK)(dim(V×W ))
∏
v∈S
#V(κv)#W(κv)
(#kv)dim(V×W )
∏
v 6∈S
#V(κv)#W(κv)
Lv(1,Pic(V ×W )s)(#kv)dim(V×W ) ,
which is exactly τH
ω
−1
V×W
(V ×W ). Hence,
cH
ω−1
V
(V )cH
ω−1
W
(W ) = α∗(V ×W )τH
ω−1
V×W
(V ×W ) = cH
ω−1
V×W
(V ×W ),
as claimed. 
4. Proof of the main theorem
In this section we prove Theorem 2.1. Recall that [K : Fq(t)] = e, char(K) >
2 and Z0 = ε
−1pi(P2×P2(K)). For the proof of the first part, define the height
function
HP2×P2 : (x1, x2)→ H2(x1)eH2(x2)e.
Then, as in [21, Proposition 3.14], #
{
z ∈ (Z0 \ E(K)) ∩ U(K) : H(z) = qM
}
is equal to
#
{
z ∈ ε−1pi (P2 × P2) (K) ∩ (Hilb2 P2 − E)(K) ∩ U(K) : H(z) = qM}
=#
{
z ∈ Vr ∩ ε((Hilb2 P2 − E) ∩ U)(K) : H(z) = qM
}
=
1
2
#
{
(x, y) ∈ (P2 × P2) (K) ∩ pi−1ε((Hilb2 P2 − E) ∩ U)(K) : HP2×P2(x, y) = qM} ,
where Vr = pi (P
2 × P2(K)) is the set of reducible points of Sym2 P2(K). Re-
mark that 1
2
#
{
(x, y) ∈ (P2 × P2) (K) : HP2×P2(x, y) = qM
}
can be written as
1
2
M∑
N=0
#
{
x ∈ P2(K) : H2(x) = qNe
}
#
{
y ∈ P2(K) : H2(y) = qM−Ne
}
. (4.1)
If e = 1, then K = Fq(t) and
SFq(t)(3, 1) =
(q3 − 1)(1− q−2)
q − 1 ,
by (1.5). Noting that
#
{
P ∈ Pn(Fq(t)) : Hn(P ) = qM
}
= SFq(t)(n+ 1, 1)q
(n+1)M ,
we have that (4.1) is equal to
1
2
(
2(q3 − 1)
q − 1 SFq(t)(3, 1)q
3M +
M−1∑
N=1
SFq(t)(3, 1)
2q3M
)
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=
1
2
(
2
1− q−2SFq(t)(3, 1)
2q3M + (M − 1)SFq(t)(3, 1)2q3M
)
=
SFq(t)(3, 1)
2
2
q3MM +
q2 + 1
2(q2 − 1)SFq(t)(3, 1)
2q3M .
Otherwise, if e > 1, we split the sum over N into three sums: the first sum
runs over 0 6 N 6 2gK − 2, the second over 2gK − 1 6 N 6 M − 2gK + 1,
and the last over the remaining N 6 M . Thus, by the result of Thunder
and Widmer (1.6) and (1.7), the first and third sum are each ≪ SK(3, 1)q3M ,
where the implicit constant depends on e and q. For the second sum we note
that both N and M −N are > 2gK − 1 and hence we obtain it is equal to(
M + 1
2
− (2gK − 1)
)
SK(3, 1)
2q3M + O
(
SK(3, 1)q
3M−3gK+2
)
.
Thus, in both cases above we obtain
1
2
#
{
(x, y) ∈ (P2 × P2) (K) : H(x, y) = qM} = SK(3, 1)2
2
q3MM +O
(
q3M
)
.
Moreover, the contribution to 1
2
#
{
(x, y) ∈ (P2 × P2) (K) : HP2×P2(x, y) = qM
}
coming from a proper closed subset of P2 × P2 is at most
=
1
2
M∑
N=0
#
{
x ∈ P1(K) : H1(x) = qNe
}
#
{
y ∈ P2(K) : H2(y) = qM−Ne
}
.
(4.2)
Following the same argument as above, if K = Fq(t), (4.2) is equal to
q2 − 1
2(q − 1)SFq(t)(3, 1)q
3M+
1
2
SFq(t)(2, 1)SFq(t)(3, 1)q
3M
M−1∑
N=1
q−N+
q3 − 1
2(q − 1)SFq(t)(2, 1)q
2M .
If [K : Fq(t)] > 1, we split the sum over N into three sums as before which
contribute ≪ SK(3, 1)q3M , ∼ SK(3, 1)SK(2, 1)q3M−2gK+1, and ≪ SK(2, 1)q2M ,
respectively. Hence, the contribution from proper closed subsets of P2 × P2 is
O(q3M) and this concludes the proof of the first part of the theorem.
The proof of the second part is similar to the argument over number fields.
Using the isomorphism
Hilb2 P2 \ E ∼−→ Sym2 P2 \D,
we note that it suffices to study rational points of Sym2 P2 \ D of bounded
height. Let x ∈ P2(K) be the conjugate of the quadratic point x. Then we
have that
#
{
y ∈ (Sym2 P2 \ Vr) (K) : H(y) = qM}
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is equal to
1
2
#
{
(x, x) ∈ (P2 × P2) (K) : [K(x) : K] = 2, H2(x)eH2(x)e = qM} .
Since by [21, Proposition 1.17], the height is invariant under Galois conjuga-
tion, this reduces to counting quadratic points in P2. Thus, it is equal to
1
2
#
{
x ∈ P2(Fq(t)) : [K(x) : K] = 2, H2(x) = qM2e
}
=SK(3, 1)
2q3MM +O
(√
Mq3M
)
,
by the result of Kettlestring and Thunder (1.8).
Now we verify that the leading constant we obtain in the second part agrees
with the prediction of Peyre. Over function fields, Manin’s conjecture predicts
that for a Fano variety X with associated anticanonical height H we have that
lims→1(s − 1)rZX(s), where ZX(s) is the anticanonical height zeta function
associated to X and r = rkPicX , is equal to Peyre’s constant cH(X) as given
by (3.3) and that the multiplicity of the pole of ZX at s = 1 equals r. In our
case X(K) = Hilb2 P2(K)
irr
, since we only consider the irreducible points, and
rkPicHilb2 P2 = 2. The height zeta function corresponding to the height H
defined by (2.4) satisfies
Z irrX (3s) = Z irrX (s) (4.3)
and thus, Z irrX has a double pole at s = 1. Hence, we consider Z
irr
X (s+2) which,
by Wiener–Ikehara theorem [24, Theorem 17.4], leads us to expect
q−2M#
{
z ∈ X(K) : H(z) = qM} ∼ (log q)2qMM lim
s→1
(s− 1)2Z irrX (s+ 2),
as M → ∞. Moreover, Lemma 3.3 together with (4.3) implies that cH(X) =
9cH(X) and thus, the conjecture predicts that the number of K-points z on
Hilb2 P2 of height H(z) = qM is
∼ SK(3, 1)
2
(log q)2
· (log q)2q3MM,
as M →∞, which concludes the proof.
5. Analogy with 0-cycles
In this section we will prove a refined version of Corollary 1.2.
Corollary 5.1. Let m > 2 and K be a global function field of characteris-
tic > m. Suppose that Manin’s conjecture holds for the irreducible points in
Hilbm0 P2(K) for all m0 6 m. Then, there exists a constant cm > 0 such that
# {prime effective 0-cycles on P2 over K of degree m}
# {effective 0-cycles on P2 over K of degree m} →
cm
Mm−2
,
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M →∞, where c2 = 23 and
cm =
µ3m−2ζK(3)
2m!(m− 1)!
SK(3, 1)m−2
∏
v∈ΩK
(
1− q−1v
)2 |Hilbm P2(Fqv)|
q2m
,
if m > 3.
When m = 2, the result is actually unconditional due to Theorem 2.1.
5.1. Improving a particular case over Fq. First, we will present an im-
provement to [9, Theorem 1] for the special case when V = P2. We begin with
some technical lemmas.
Lemma 5.2. The number of effective 0-cycles of degree m on P2 over Fq is(
1 +
1
q
) k−1∑
i=0
(i+1)(q2(m−i)+q2i+1)+
{
m+2
2
qm, if m = 2k,
m+1
2
qm−1 (q2 + q + 1) , if m = 2k + 1.
Proof. Effective 0-cycles of degree m on P2 over Fq correspond to Fq-points on
Symm P2. By [16, Remark 1.2.4], we have
∞∑
m=0
∣∣Symm P2(Fq)∣∣ tm = exp
(
∞∑
k=1
∣∣P2(Fqk)∣∣ tkk
)
= Z(P2, t),
the zeta function of P2 over Fq. This is (1 − q2t)−1(1 − qt)−1(1 − t)−1. Thus,
by using Taylor expansion at t = 0 we obtain the claimed result. 
Lemma 5.3. The number of prime effective 0-cycles of degree m on P2 over
Fq is {
1
m
(
q2m − qm2 ) , if m is even,
1
m
(
q2m + qm − q 2mj − qmj
)
, if m is odd,
where j is the smallest divisor of m that is greater than 1.
Proof. By [16, Definition 1.2.3, Remark 1.2.4(1)], the number of prime effective
0-cycles of degree m on P2 over Fq is
q2m + qm + 1
m
− 1
m
∑
r|m
r 6=m
r
∣∣Pr(P2,Fq)∣∣ , (5.1)
where Pr(P
2,Fq) are the prime effective 0-cycles of degree r on P
2 over Fq. If
m is even, write m = 2k. Then, k is the largest proper divisor of m, and (5.1)
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becomes
q2m + qm + 1
m
− 1
m

q2k + qk + 1−∑
s|k
s 6=k
s
∣∣Ps(P2,Fq)∣∣

− 1m
∑
r|m
r 6=k,m
r
∣∣Pr(P2,Fq)∣∣ ,
and hence the result. If m is odd, the proof is similar. 
For the case when V = P2, (1.9) states that the proportion of effective 0-
cycles of degree m in P2 is 1
m
(1− q−1 − q−2 + q−3) +O
(
1
mqm/2
)
. However, by
carefully combining Lemmas 5.2 and 5.3, we obtain the following improvement
of the error term.
Theorem 5.4. The proportion of prime effective 0-cycles of degree m on P2
out of all effective 0-cycles of degree m on P2 is
1
m
(
1− q−1 − q−2 + q−3)+O( 1
mqm
)
,
as m→∞.
5.2. 0-cycles on P2 over function fields. In this section, we present an
application of our main result which can be seen as an analogue of the prime
number theorem for 0-cycles on P2 over function fields. By Theorem 1.1,
if K is a function field of characteristic > 2, then Manin’s conjecture holds
for the irreducible points of Hilb2 P2(K), which were introduced in Section 2.
Throughout this section, we will assume that Manin’s conjecture holds for the
irreducible points in Hilbm P2(K) for all m > 3, where K is a function field of
characteristic > m. Let
NSymm P2irr(M) =
{
x ∈ Symm P2(K) : x irreducible, Hω−1
Symm P2
(x) = qM
}
.
By the isomorphism given in (2.1) and Theorem 2.1, we have
NSymm P2irr(M) ∼
{
1
9
SK(3, 1)
2qMM, if m = 2,
cω−1
Hilbm P2
(Hilbm P2) (log q)2 qMM, if m > 2,
(5.2)
as M → ∞, since rkPic Hilbm P2 = rkPicP2 + 1 = 2 for all m > 2. By
understanding the various types of non-irreducible points of Symm P2, we shall
obtain the following main result, which together with (5.2) and Lemma 3.2,
implies Corollary 1.2.
Theorem 5.5. Let m be an integer > 2 and K be a global function field of
characteristic > m. Suppose that Manin’s conjecture holds for the irreducible
points in Hilbm0 P2(K) for all 3 6 m0 6 m. Then,
NSymm P2(M) ∼ SK(3, 1)
2
6
qMM, if m = 2,
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and
NSymm P2(M) =
SK(3, 1)
m
3mm!(m− 1)!q
MMm−1 +O(qMMm−3), if m > 2.
as M →∞.
To prove Theorem 5.5, we will require the following results.
Lemma 5.6. The number of reducible points in Symm P2(K), for m > 2, of
the shape pi(v1, . . . , vm), where vi ∈ P2(K) and vi 6= vj for all 1 6 i, j 6 m, is
∼ SK(3, 1)
m
3mm!(m− 1)!q
MMm−1,
as M →∞.
Proof. Let X = V m, where V is a Fano variety over a function field K satis-
fying Manin’s conjecture. By Theorem 3.4, we have
NX(M) ∼ cH
ω−1
X
(X)
(log q)mrV
(mrV − 1)!q
MMmrV −1,
as M → ∞. Set V = P2. Since rkPicP2 = 1, we have rkPicX = m.
Moreover, by Example 3.1 and the proof of Theorem 3.4 we have
cH
ω
−1
X
(X) = cmH
ω−1
P2
(
P2
)
=
SK(3, 1)
m
3m (log q)m
,
which concludes the proof. 
Lemma 5.7. Let m, t, j ∈ Z>0, such that t < m, and 1 6 j < t. We have
M∑
i=0
q
(t−j)i
t im−t =
(
1
t−j
t
log q
+
1
2
)
q
t−j
t
MMm−t +O
(
q
t−j
t
MMm−t−1
)
as M →∞.
Proof. Let f(x) = q
(t−j)x
t xm−t. Then, replacing the sum on the left hand-side
by an integral we obtain
M∑
i=0
f(i) ∼
∫ M
0
f(i) di+
f(M)
2
+
∞∑
k=1
B2k
(2k)!
(
f (2k−1)(M)− f (2k−1)(0)) , (5.3)
where B2k is the 2k-th Bernoulli number. We note∫ M
0
q
(t−j)i
t im−t di =
( −t
(t− j) log q
)m−t+1 ∫ − log q (t−j)Mt
0
vm−te−v dv,
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via a change of variables. We can write this in terms of gamma functions as( −t
(t− j) log q
)m−t+1(
Γ(m− t + 1)− Γ
(
m− t + 1, (t− j) log q−t M
))
.
Since m− t ∈ Z>0, the above is
=
( −t
(t− j) log q
)m−t+1
(m− t)!
(
1− q t−jt M
m−t∑
k=0
(
(t− j) log q
−t
)−k
Mk
k!
)
=
t
(t− j) log q q
t−j
t
MMm−t +O
(
q
t−j
t
MMm−t−1
)
.
Computing derivatives of f , we obtain that the sum over k in (5.3) isO
(
q
t−j
t
MMm−t−1
)
.
Putting this together leads to the claimed result. 
Lemma 5.8. For k odd, we have
1
k!
M∑
i=0
i(M − i)k ∼ 1
(k + 2)!
Mk+2,
as M →∞.
Proof. By the binomial theorem, the left hand-side is
1
k!
M∑
i=0
i
k∑
j=0
(
k
j
)
(−i)jMk−j = 1
k!
k∑
j=0
(
k
j
)
(−1)jMk−j
M∑
i=0
ij+1
∼ M
k+2
k!
k∑
j=0
(
k
j
)
(−1)j
j + 2
,
which concludes the proof. 
Proof of Theorem 5.5. In the case when m = 2, the number of irreducible
points of Sym2 P2(K) is given by (5.2). The reducible points of Sym2 P2(K)
are all of the type in Lemma 5.6. Thus, the number of reducible points of
Sym2 P2(K) is
∼ SK(3, 1)
2
18
qMM,
as M →∞, which concludes the proof of the case m = 2.
Suppose from now that m > 3. The singular points of Symm P2(K) are
points coming from the diagonal ∆ ∈ (P2)m, i.e.
D(K) =
⋃
16i<j6m
{
pi(v1, . . . , vm) | v1, . . . , vm ∈ P2(K), vi = vj
}
,
where pi is the projection (P2)
m → Symm P2 introduced in Section 2. If
m > 3, by Theorem 3.4 , the contribution to NSymm P2(M) coming from these
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points involves counting points v ∈ (P2)m−2 (K) and vm−1 ∈ P2(K) such that
Hω−1
(P2)m−2
(v)
(
Hω−1
P2
(vm−1)
)2
= qM . Thus we have
∼
(
cω−1
P2
(P2)
)m−1
q
M
2
(log q)m−1
2m!(m− 3)!
M∑
i=0
q
i
2 im−3(M − i)
=
SK(3, 1)
m−1
2m!(m− 3)!3m−1 q
M
2
(
M
M∑
i=0
q
i
2 im−3 −
M∑
i=0
q
i
2 im−2
)
,
by Example 3.1 and Lemma 3.3. Now, by Lemma 5.7, the terms of order
Mm−2 cancel out and we obtain that the above is
∼ 2SK(3, 1)
m−1
3m−1m!(m− 3)! (log q)2 q
MMm−3.
The non-singular points of Symm P2(K) are points pi(v1, . . . , vm), where
v1, . . . , vm ∈ P2(K) are all distinct and can be partitioned into c1 Galois con-
jugacy cycles of length 1, c2 cycles of length 2, . . ., cm cycles of length m, such
that
∑m
i=1 ici = m. We remark that a point vi in a conjugacy cycle of length
k is a point in P2(K) such that [K(vi) : K] = k and the other points in the
cycle are its distinct Galois conjugates. It is convenient to analyse all these
cases depending on how many cycles of length > 1 there are.
0 cycles of length > 1. This implies c1 = m and , so these are precisely the
reducible points of the shape pi(v1, . . . , vm), where vi ∈ P2(K) and vi 6= vj for
all 1 6 i, j 6 m, whose contribution is given by Corrolary 5.6 and is
∼ SK(3, 1)
m
3mm!(m− 1)!q
MMm−1,
as M →∞.
1 cycle of length > 1. Thus, c1 = m − j and cj = 1, where 2 6 j 6 m.
The case when j = m encompasses exactly the irreducible points and their
contribution is given by (5.2). Now fix j such that 2 6 j < m. These
are points pi(v1, . . . , vm) such that v1, . . . , vm−j ∈ P2(K), vmj+1 ∈ P2(K),
[K(vmj+1) : K] = j, and vmj+1, . . . , vm are the j distinct Galois conjugates
of vmj+1. Counting such points with height Hω−1
Symm P2
(pi(v1, . . . , vm)) = q
M cor-
responds to counting v ∈ (P2)m−j (K) with Hω−1
(P2)m−j
(v) = qi and w ∈ P2(K)
such that [K(w) : K] = j and Hω−1
P2
(w)j = qM−i, for 0 6 i 6 M . Thus, it is
equal to
j!
m!
M∑
i=0
N(P2)m−j (i)NSymj P2irr
(
M − i
j
)
. (5.4)
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By Manin’s conjecture for the irreducible points in Hilbm P2 and Theorem 3.4,
we expect that, as L→∞, there are
∼
(
cω−1
P2
(
P2
))m−j
cω−1
Hilbj P2
(
Hilbj P2
) (log q)m−j+2
(m− j + 1)!q
LLm−j+1
points (v, w) ∈ (P2)m−j × Symj P2(K)irr of height Hω−1
(P2)m−j
(v)Hω−1
Symj P2
(w) =
qL, since the rank of the Picard group of the product variety is m− j + 2. If
2 < j < m, this is at most ∼ Lm−2, and only the case j = 2 gives ∼ Lm−1.
This implies that the number of points given by (5.4) is at most O (Mm−2) for
2 < j < m, and thus, does not contribute to the main term in NSymm P2(M).
In the case when j = 2, we obtain that that (5.4) is
∼ 2
m!
(
cω−1
P2
(P2)
)m−2
cω−1
Hilb2 P2
(
Hilb2 P2
) (log q)m
(m− 3)!
M∑
i=0
qi+
M−i
2 im−3
M − i
2
=
SK(3, 1)
m
3mm!(m− 3)!q
M
2
(
M
M∑
i=0
q
i
2 im−3 −
M∑
i=0
q
i
2 im−2
)
,
by Example 3.1 and Lemma 3.3. Now, by Lemma 5.7, the terms of order
Mm−2 cancel out and we obtain that the above is
∼ 4SK(3, 1)
m
3mm!(m− 3)! (log q)2 q
MMm−3.
Through a similar method we can show that the contribution from the cases
when 2 < j < m is in fact at most O (Mm−4).
k cycles of length > 1, where 1 < k 6 ⌊m/2⌋. This is a generalisation
of the previous case. Thus, we have c1 = m − 2k and
∑m
i=2 ci = k. We
expect that the number of points x ∈ (P2)m−2k (K)× (Sym2 P2)j1 (K)irr . . .×
(Symm P2)
jm (K)irr, where
∑m
i=2 iji = 2k, of height H(x) = q
L, where H is the
product of the anticanonical heights, is(
cω−1
P2
(P2)
)m−2k m∏
i=2
(
cω−1
Hilbi P2
(
Hilbi P2
))ji (log q)m−2k+2l
(m− 2k + 2l − 1)!q
LLm−2k+2l−1,
as L → ∞, since the rank of the Picard group of the product variety is
m− 2k + 2l, where l = j2 + . . .+ jm. A simple calculation shows that only in
the case when j2 = k and j3 = . . . = jm = 0 the above is ∼ Lm−1 and in all
other cases we have at most Lm−2 points. Thus we analyse the former case.
The number of such points with height Hω−1
Symm P2
(pi(v1, . . . , vm)) = q
M is
2k
m!
M∑
i=0
N(P2)m−2k(i)
M−i∑
i1=0
N
Sym2 P2
irr
(
i1
2
)
. . .
M−i−i1−...ik−2∑
ik−1=0
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×N
Sym2 P2
irr
(
ik−1
2
)
N
Sym2 P2
irr
(
M − i− i1 − . . .− ik−1
2
)
. (5.5)
Denote M − i− i1 − . . .− ik−2 by L1. Then, the last sum in (5.5) is
∼
(
cω−1
Hilb2 P2
(
Hilb2 P2
))2 (log q)4
22
q
L1
2
L1∑
i=0
ik−1(L1 − ik−1)
∼
(
cω−1
Hilb2 P2
(
Hilb2 P2
))2 (log q)4
22
q
L1
2
L1
3
3!
,
by Lemma 5.8. We iterate this procedure for the sums in (5.5) starting with
the sum over ik−2 up to the sum over ii1 to obtain that (5.5) is
∼ 2
k
m!
M∑
i=0
N(P2)m−2k(i)
(
cω−1
Hilb2 P2
(
Hilb2 P2
))k (log q)2k
2k
q
M−i
2
(M − i)2k−1
(2k − 1)!
∼
(
cω−1
P2
(P2)
)m−2k (
cω−1
Hilb2 P2
(
Hilb2 P2
))k
(log q)m q
M
2
m!(m− 2k − 1)!(2k − 1)!
M∑
i=0
q
i
2 im−2k−1(M − i)2k−1.
By the binomial theorem, the sum over i above is equal to
=
2k−1∑
j=0
(
2k − 1
j
)
(−1)jM2k−1−j
M∑
i=0
q
i
2 im−2k−1+j
=
(
2
log q
+
1
2
)
q
M
2 Mm−2
2k−1∑
j=0
(
2k − 1
j
)
(−1)j +O
(
q
M
2 Mm−3
)
,
by Lemma 5.7. Noting that
∑2k−1
j=0
(
2k−1
j
)
(−1)j = 0, we get a contribution
O (Mm−3). Through a similar method we can show that the contribution
coming from the other choices of ci’s is in fact at most O (M
m−4).
In conclusion, the main contribution to NSymm P2(M) comes from reducible
points of the type described in Lemma 5.6. 
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